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SMOOTHING OF MULTIPLE STRUCTURES ON EMBEDDED ENRIQUES
MANIFOLDS
JAYAN MUKHERJEE AND DEBADITYA RAYCHAUDHURY
Abstract. We show that given an embedding of an Enriques manifold of index two in a large enough
projective space there will exist embedded double structures with same invariants (cohomology of
the structure sheaf) as its universal cover which is either a hyperka¨hler or a Calabi-Yau manifold. We
then show that these double structures can be smoothed to smooth hyperka¨hler or Calabi-Yau man-
ifolds respectively. In fact, our smoothing results hold for analogous multiple structures on higher
index Enriques manifolds provided such multiple structures exist. Hence we obtain a flat family of
hyperka¨hler (or Calabi-Yau) manifolds embedded in the same projective space which degenerates to
an embedded double structure of the given Enriquesmanifold of index two. The above shows that the
double structures on the embedded Enriques manifold are points of the Hilbert scheme containing
the fibres of the above family. We show that they are smooth points of the Hilbert scheme.
1. Introduction
In this article we deal with two topics namely, deformations of cyclic e´tale covers of some non-
simply connected projective varieties embedded in a projective space and multiple structures (also
known as ropes) supported on the same variety inside the same projective space.
Amultiple structure or more precisely a d-rope on a reduced algebraic variety X is an everywhere
non-reduced scheme Y supported on X, such that the ideal sheaf I of the embedding of X in Y
is of square zero and I is a locally free OX module of rank d. Ropes of rank two (also known as
ribbons) first appear in the context of Green’s canonical syzygy conjecture (see [20]). Bayer and
Eisenbud (see [2]) defined ribbons over schemes, as result of which they formulated the canonical
syzygy conjecture for ribbons (see [8]) whose solution implies the canonical syzygy conjecture in
the generic case. The double structures as defined by Bayer and Eisenbud often appears as the
flat limits of smooth algebraic varieties. More precisely we call a d-rope D smoothable if there
exists a flat family of schemes over a curve T such that the central fibre is D and after possibly
shrinking T we can assume all other fibres are smooth. Results on smoothings of ribbons over
curves can be found in [10] and [18]. Smoothings of 2 ropes on surfaces, also called carpets
were studied by Gallego, Gonza´lez and Purnaprajna in [12] and [17]. In the above papers they
prove strong smoothing results on certain special carpets called K3 carpets on Enriques surfaces
which are regular and have trivial canonical bundle. The above authors in the series of papers [14],
[15], [16] further show the connection between existence and smoothings of multiple structures of
conormal bundle E and deformation of finite covers with trace zero module E . In [13] the authors
give an infinitesimal condition to ensure that a finite morphism can be deformed to an embedding.
The criterion is entirely cohomological and demands that the tangent vector of a deformation along
a curve correspond to a surjective homomorphism between the conormal bundle and the trace zero
module.
1
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At this point we discuss e´tale covers of some non-simply connected projective algebraic vari-
eties. Enriques surfaces are a class of surfaces that admit an e´tale double covering (which are in fact
universal) by K3 surfaces. They are minimal surfaces of Kodaira dimension zero with pg = 0 and
q = 0. In [12], the authors obtain a smoothing family of K3 surfaces of a so called “K3 carpet” on an
Enriques surface, thereby showing that such carpets arise naturally as flat limits of K3 surfaces. The
geometry of the analogue of K3 surfaces in higher dimensions which are known as hyperka¨hler and
Calabi-Yau manifolds are central to the study of higher dimensional varieties. In 2011 Boissie´re,
Nieper and Sarti and in the same year Oguiso and Schro¨er independently constructed higher di-
mensional analogues of Enriques surfaces (see [5], [29]). Although their definitions differ a little,
in this article the definition of Enriques manifold that we take are either Enriques manifolds in
the sense of Oguiso and Schro¨er or in the sense of Boissie´re, Nieper and Sarti. In any case such
higher dimensional Enriques manifolds are smooth projective non-simply connected (as a complex
manifold) varieties in even dimension with torsion canonical bundle whose universal covers are
either hyperka¨hler or Calabi-Yau manifolds. The varieties were obtained by finding fixed point
free actions on either hyperka¨hler or Calabi-Yau manifolds and the existing examples have index
either 2, 3 or 4 (index of an Enriques manifold is the degree of its universal covering morphism).
Note that if the universal cover X is a Calabi-Yau manifold then the only index possible is 2 since
χ(OX) = 2. The latter authors in [30] also describe the period map and prove the local Torelli
theorem for higher dimensional Enriques manifolds.
In this paper we investigate for an Enriques manifold Y of index d constructed in either of [5]
or [29], the deformations of the composite of the universal covering map of Y with an embedding
i : Y ֒→ PN with the aid of the infinitesimal condition described in [13]. For an Enriques manifold
Y with canonical bundle KY which is torsion of index d, E will always denote the following vector
bundle,
E =
d−1⊕
i=1
K⊗iY .
We show that for an embedding of an Enriques manifold Y of index d = 2 or 3 and dimension 2n
inside a projective space of dimension N, the composite ϕ of the covering map and the embedding
can be deformed to a finite birational morphism. Further for d = 2, N ≥ 4n + 1 and assuming
OY(1) ⊗ KY to be base point free, we show that ϕ can be deformed to an embedding by showing
the existence and smoothing of embedded regular double structures with conormal bundle E =
KY (also known as ribbons). By results of Section 2, such ribbons are regular local complete
intersection schemes with trivial canonical bundle and hence we call them regular K- trivial ribbons
(see also [2]). Since we obtain the smoothing family as the image of a flat family of morphisms from
hyperka¨hler or Calabi-Yau manifolds to a projective space whose general fibre is an embedding,
this shows how regular K- trivial ribbons on Enriques manifolds can be naturally thought of as
degenerations of families of hyperka¨hler or Calabi-Yau manifolds inside a projective space. In the
following paragraph we briefly summarize the contents of the article.
Section 2 deals with the notations and preliminaries. In section 3 we study embedded K- trivial
ribbons on an Enriques manifold of dimension 2n inside a projective space of dimension N ≥ 4n+1
in detail and compute the dimension of the quasi-projective space parametrizing such ribbons (see
Propositions 3.4, 3.5). This section hence answers the question of existence of embedded K- trivial
ribbons. In Section 4, apply the results of Gallego, Gonza´lez and Purnaprajna and prove our main
SMOOTHING OF MULTIPLE STRUCTURES ON EMBEDDED ENRIQUES MANIFOLDS 3
results on smoothing of regular K- trivial ribbons (Theorem 4.1, Theorem 4.2). The smoothing
techniques used in Section 4 also work for higher multiplicity structures on Enriques manifolds of
higher index provided they exist. Since we have an embedded smoothing, we see that such ribbons
on Enriques manifolds correspond to points in the Hilbert scheme of embedded hyperka¨hler or
Calabi-Yau manifolds and hence a natural question is the smoothness of the point. We settle this
question at the end of Section 4 (see Theorem 4.3). In the Appendix (Section 5) we prove that
if an Enriques manifold Y of index two whose universal cover is one of the known examples of
hyperka¨hler six-folds is embedded inside PN , then N ≥ 13.
Acknowledgements. We are grateful to our advisor Professor B. P. Purnaprajna for suggesting to
us this problem and for supporting us throughout this work. We thank Professor Keiji Oguiso for
his comments on an earlier draft of this paper and for pointing out to us the work of Taro Hayashi
([22]).
2. Preliminaries and Notations
Throughout this paper we shall work over the complex numbers. In this section, first we will
recall some basic results on Calabi-Yau, hyperka¨hler and Enriques manifolds. Then we will define
ropes and state their characterizations. Ribbons are special kinds of ropes and we will encounter
regular K-trivial ribbons that can be thought of as a higher dimensional analogue of K3 carpets.
2.1. Calabi-Yau and hyperka¨hler manifolds. A K3 surface S is by definition a compact, com-
plex, Ka¨hler manifold which is regular and has trivial canonical bundle. Note that the definition
is equivalent to having a holomorphic symplectic form on S . However in higher dimensions these
two notions do not coincide giving rise to Calabi-Yau and hyperka¨hler manifolds.
Definition 2.1. A compact Ka¨hler manifold M of dimension n ≥ 3 is called Calabi-Yau if it has
trivial canonical bundle and the Hodge numbers hp,0(M) vanish for all 0 < p < n.
With this definition, Calabi-Yau manifolds are necessarily projective but the following defini-
tion of hyperka¨hler manifolds does not imply projectivity. There are examples of non-projective
hyperka¨hler manifolds (see for example [21]).
Definition 2.2. A compact Ka¨hler manifold M is called hyperka¨hler if it is simply connected and
its space of global holomorphic two forms is spanned by a symplectic form.
By the decomposition theorem of Bogomolov (see [4]), any complex manifold with trivial first
Chern class admits a finite e´tale cover isomorphic to a product of complex tori, Calabi-Yau mani-
folds and hyperka¨hler manifolds. These spaces can be thought as the “building blocks” for mani-
folds with trivial first Chern class.
Let X be a hyperka¨hler manifold. The symplectic form σ induces an isomorphism TX → ΩX by
sending δ to δ′ → σ(δ, δ′). Moreover, the syplectic form ensures that KX is trivial and dim(X) is
even. It is also known that χ(OX) = n + 1 and the following values of h
p(X,OX)
hp(X,OX) =
{
1 p is even,
0 p is odd.
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There are many families of examples for Calabi-Yau varieties but only few classes of examples for
hyperka¨hler varieties are known. Beauville first produced examples of two distinct deformation
classes of compact hyperka¨hler manifolds in all even dimensions greater than or equal to 2 (see
[3]). The first example is the Hilbert scheme S [n] of length n subschemes on a K3 surface S . The
second one is the generalized Kummer variety Kn(A) which is the fibre over the 0 of an Abelian
surface A under the morphism φ ◦ ψ (see the diagram below)
A[n+1]
ψ−→ A(n+1) φ−→ A
where A[n+1] Hilbert scheme of length n + 1 subschemes on the Abelian surface A, A(n+1) is the
symmetric product, ψ is the Hilbert chow morphism and φ is the addition on A. Two other distinct
deformation classes of hyperka¨hler manifolds are given by O’Grady in dimensions 6 and 10 which
appear as desingularizations of certain modulii spaces of sheaves over symplectic surfaces (see
[27], [28]). All other known examples are deformation equivalent to one of these.
We recall the definitions of Beauville form and Fujiki constants on hyperka¨hler manifolds (see
[3] and [11]).
Theorem 2.3. Let X be a hyperka¨hler variety of dimension 2n. There exists a quadratic form qX :
H2(X,C) → C and a positive constant cX ∈ Q+ such that for all α in H2(X,C),
∫
X
α2n = cX · qX(α)n.
The above equation determines cX and qX uniquely if one assumes the following two conditions.
(I) qX is a primitive integral quadratic form on H
2(X,Z),
(II) qX(σ, σ¯) > 0 for all 0 , σ ∈ H2,0(X).
Here qX and cX are called the Beauville form and Fujiki constant respectively.
Beauville form and Fujiki constants are fundamental invariants of a hyperka¨hler variety. More-
over, they help finding an explicit form of the Riemann-Roch theorem for hyperka¨hler varieties.
Theorem 2.4. (See [11], [21]) Let X be a hyperka¨hler variety of dimension 2n. Assume that α ∈
H4 j(X,C) of type (2 j, 2 j) on all small deformations of X. Then there exists a constant C(α) ∈ C
depending on α such that
∫
X
α · β2n−2 j = C(α) · qX(β)n− j for all β ∈ H2(X,C).
As a consequence of the theorem above, we get the following form of the Riemann-Roch for-
mula for an line bundle L on a hyperka¨hler variety of dimension 2n (see [23]),
χ(X, L) =
n∑
i=0
ai
(2i)!
qX(c1(L))
i(2.1)
where ai = C(td2n−2i(X)). Here ai’s are constants depending only on the topology of X. We refer to
[23] for an introduction to the theory of hyperka¨hler manifolds.
2.2. Enriques manifolds. Enriques surfaces are defined as non simply connected surfaces S
whose universal cover is a K3 surface. Generalization of Enriques surfaces to higher dimensions
has been constructed by Boissie`re, Nieper-Wisskirchen, Oguiso, Sarti and Schro¨er (see [5], [29]).
We take the following definition of Enriques manifolds.
Definition 2.5. Let Y be a connected, compact, complex, smooth, Ka¨hler manifold of dimension
2n. Y is called an Enriques manifold if there exists an integer d ≥ 2, called the index of Y, such
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that the canonical bundle KY has order d in the Picard group Pic(Y) of Y, the fundamental group
π(Y) is cyclic of order d and the holonomy representation of its universal cover is irreducible.
Note that when d > 2 the manifold Y is an Enriques manifold in the sense of [29]. When d = 2
the manifold Y is either an Enriques variety in the sense of [5] if its universal cover is a Calabi-Yau
manifold or it is an Enriques manifold in the sense of [29] if its universal cover is a hyperka¨hler
manifold. Consequently, Y is projective and so is its universal cover (for the proof of this statement
see [5] Proposition 2.1 and [29], Corollary 2.7).
Let Y be an Enriques manifold of index d and let π : X → Y be its universal cover. Then,
π∗OX = OY ⊕ KY ⊕ K⊗2Y ⊕ ... ⊕ K⊗d−1Y = OY ⊕ E .
Here and in the subsequent sections, E will always stand for KY ⊕K⊗2Y ⊕ ...⊕K⊗d−1Y . If X is a Calabi-
Yau manifold, hi(OY) = 0 for 1 ≤ i ≤ dim(Y) − 1, χ(OY ) = 1 and d = 2. If X is hyperka¨hler then
χ(OY ) = (dim(Y)+ 2)/2d and the following gives the cohomology of the structure sheaf. h
p(Y,OY),
hp(Y,OY) =
{
1 2d|p and p ≤ dim(Y),
0 otherwise.
The examples below are taken from [29], they provide examples of Enriques manifolds of index
two. In general, it is known that there are Enriques manifolds of index 2,3,4 (see [5], Theorem 2.2
and [29], Theorem 6.5). The first one is an Enriques manifold whose universal cover is a Calabi-
Yau manifold. The second and third examples are Enriques manifolds whose universal cover is a
hyperka¨hler manifold of the form K3[n] and Kn(A) respectively.
Example 2.6. Let S be an Enriques surface and S [n] be the Hilbert scheme of n points on S . Then
S [n] is an Enriques manifold of index 2 whose universal cover is a Calabi-Yau manifold (see [29],
Theorem 3.1).
Example 2.7. Let S ′ be an Enriques surface and S → S ′ be its universal covering. Then S is a K3
surface with a free G = Z/2Z action on it. Suppose n is odd. Then the induce action of G on the
Hilbert scheme S [n] is free and Y := S [n]/G is an Enriques manifold of index two whose universal
cover is the hyperka¨hler manifold S [n] (see [29], Proposition 4.1).
Example 2.8. Let E and E′ be two elliptic curves, a′ ∈ E′ be a point of order two and a ∈ E be an
arbitrary point. Then (b, b′) 7→ (−b+ a, b′ + a′) is a free involution on A := E × E′ which induces a
free G := Z/2Z action on the Hilbert scheme A[n]. Then G leaves Kn(A) invariant and the induced
action on Kn(A) is free. Moreover, Kn(A)/G is an Enriques manifold of index two whose universal
cover is Kn(A) ([29], Proposition 4.2).
2.3. Deformations of the universal covering morphism. This subsection provides a background
and motivation for the study that we do in the next subsection. Let Y be an Enriques manifold. Let
π : X → Y be the covering map from the universal cover X. Let us address the following question:
Can a general small deformation of X be realized again as a universal cover of a deformation of
Y?
It is interesting to note the dichotomy of the answer to the above question depending whether
the universal cover is hyperka¨hler or Calabi-Yau. It is clear from ([29]) and ([30]) that this is never
the case when X is a hyperka¨hler manifold. However it has been shown by Hayashi in [22] that if
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the universal cover of the Enriques manifold is Calabi-Yau, then the above question has a positive
answer. We include proofs of these statements in Remark 2.9 and Theorem 2.10 for the sake of
completeness. The proof of Theorem 2.10 was independantly done by us and differs a from the
original proof of [22] by the use of [37], Corollary 1.11.
Remark 2.9. Let Y be an Enriques manifold of degree d. Let X
π−→ Y be the universal cover of Y
where X is a hyperka¨hler manifold. Let BX and BY be the semi-universal deformation space of X
and Y respectively. Since H2(OY) = 0, every Enriques manifold is projective and hence its universal
cover X is projective as well. (see [29], Corollary 2.7). However since non-projective hyperka¨hler
manifolds are dense in the Kuranishi space of X, we immediately see that not all deformations of
X can be realised as the universal cover of a deformation of Y. The elements of BX that can be
realized as the universal cover of a deformation of Y form a proper closed sublocus L of dimension
dim(BY) = h
1(TY) = h
1(TX)0 = h
1,1(X)1. (See [30], Theorems 1.1, 1.2 and 2.4)
We now consider the deformations of the universal covering map of the Hilbert scheme of points
on an Enriques surface. Oguiso and Schro¨er proved in [29] that the manifold we get is Enriques in
our sense since the universal cover is a Calabi-Yau manifold.
Theorem 2.10. ([22], Theorem 3.2) Let for n ≥ 2, Y = Hilbn(S ) be the Hilbert scheme of n points
on an Enriques surface. Let π : X → Y be the universal double cover of Y. Let BX and BY
be the algebraic (since H2(OX) = H
2(OY) = 0)) semi-universal deformation space of X and Y
respectively. Then a general element of BX can be realized as the universal double cover of a
non-simply connected smooth Enriques variety Y ′ with c1(Y ′) = 0, χ(OY′) = 1 and π1(Y ′) cyclic of
order 2.
Proof. We first prove that H1(TY⊗KY ) = h1,2n−1(Y) = 0. Recall that the Hodge-Poincare polynomial
of a smooth projective variety X is defined as h(X, x, y) =
dim(X)∑
p,q=0
hp,q(X)xpyq. Using Theorem 2.3.14
of [19], we have that if S denote an Enriques surface with Hodge diamond
1
0 0
0 10 0
0 0
1
then we have the following generating polynomial for the Hodge numbers of S [n]:
∞∑
n=1
h(S [n], x, y)tn =
∞∏
k=1
(1 − xk−1yk−1tk)−1(1 − xkyktk)−10(1 − xk+1yk+1tk)−1.
Notice that the indices of x and y in each term of the infinite product are the same. Hence we
conclude that for each n the resulting Hodge diamond has the property that hp,q(S [n]) = 0 if p , q.
Hence h1,2n−1(S [n]) = 0 if n ≥ 2. Since KY is the trace zero module the morphism π we have by
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[37], Corollary 1.11 that the deformation
X X
0 BX
can be lifted to a deformation Π
X X
Y Y
0 BX
π Π
of the morphism π. A general fibre Yt of Y is smooth and non-simply connected with c1(Yt) = 0,
χ(OYt ) = 1 and π1(Yt) cyclic of order 2.
We can assume that after possibly shrinking BX the morphism Πt is finite surjective and is of
degree 2 for all t , 0. Since Πt is a double cover it is given by a line bundle Bt and a section
s ∈ H0(B⊗2t ). But considering the fact that OXt = KXt = Π∗t (KYt ⊗ B−1t ), we have that KYt ⊗ B−1t
is torsion and hence is numerically trivial. Therefore Bt is numerically trivial. Considering that
B⊗2t has a section, we conclude that B
⊗2
t = OX. Hence Πt is e´tale and by [29], Proposition 2.8 and
Lemma 3.2, Πt is the universal covering morphism and Bt = KXt . This concludes the proof. 
We now intend to embed the Enriques manifold inside a projective space and consider the defor-
mations of the composed morphism. This brings up the context of reduced structures, also called
ropes on Enriques manifolds.
2.4. Ropes on reduced connected schemes. Ropes are multiple strucures on a scheme. Our main
objective is to show that ropes on Enriques manifolds can be realized as a flat limit of hyperka¨hler
or Calabi-Yau varieties which we do in section 2. We first recall the definition of ropes.
Definition 2.11. Let Y be a reduced connected scheme and let E be a vector bundle of rank m − 1
on Y. A rope of multiplicity m on Y with conormal bundle E is a scheme Y˜ with Y˜red = Y such that
(1) I 2
Y/Y′ = 0,
(2) IY/Y′ = E as OY modules.
If E is a line bundle then Y˜ is called a ribbon on Y.
The following properties of ropes were proven in [2] and [18].
Theorem 2.12. Let Y be a reduced connected scheme and E be a vector bundle of rank m− 1 on Y.
(1) A rope Y˜ with conormal bundle E is defined by an element [eY˜] ∈ Ext1(ΩY , E ). The rope is
split if and only if [eY˜] = 0.
Assume further that Y is a smooth variety and i : Y ֒→ Z is a closed immersion into another smooth
variety Z.
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(2) There is an one-to-one correspondence between pairs (Y˜ , i˜) where Y˜ is a rope with conor-
mal bundle E and i˜ : Y˜ → Z is a morphism extending i : Y ֒→ Z and elements τ ∈
Hom(N ∗
Y/Z
, E ).
(3) If τ ∈ Hom(N ∗
Y/Z
, E ) corresponds to (Y˜ , i˜), the i˜ is an embedding if and only if τ is surjective.
(4) If τ ∈ Hom(N ∗
Y/Z
, E ) corresponds to (Y˜ , i˜) then τ is mapped by the connecting homomor-
phism onto [eY˜].
We will encounter ribbons on Enriques manifolds of index two. It is known that ribbons on a
smooth, irreducible variety Y is locally Gorenstein, consequently it will have a dualizing sheaf KY˜
which is a line bundle (see [12], Remark 1.3). In [12], the authors defined K3 carpets on a regular
surface to be a ribbon with trivial canonical bundle. We generalize their definition in the following
way to define K-trivial ribbon. The name is pretty self-explanatory.
Definition 2.13. Let Y be a smooth, irreducible, projective variety, Y˜ be a ribbon on Y with conor-
mal bundle E . Then Y˜ is a K-trivial ribbon if KY˜ = OY˜ .
A ribbon Y˜ is regular if h1(OY˜) = 0. We include a characterization of K-trivial ribbon from its
conormal bundle whose proof is similar to that of [12], Proposition 1.5.
Lemma 2.14. Let Y be a smooth, irreducible, projective variety of dimension n. Let hn−1(OY) = 0.
Let Y˜ be a ribbon with conormal bundle E . Then Y˜ is K-trivial if and only if E  KY . Moreover, if
hn−2(OY) = 0 then H1(OY˜)  H
1(OY), if Y is regular then Y˜ is also regular.
Proof. Notice that, we have the following short exact sequence;
0 → E → OY˜ → OY → 0.
It follows from Lemma 1.4, (3) [12] that if we tensor the above exact sequence by H om(–,KY˜),
we get the following exact sequence;
0→ KY → KY˜ → E −1 ⊗ KY → 0.
First, assume that E = KY . It follows from the previous exact sequence that we have a surjection
H0(KY˜ ) → H0(OY) since h1(KY ) = 0 by assumption. Thus KY˜ = OY˜ .
Now, assume KY˜ = OY˜ . We tensor the above exact sequence by OY to get a surjection OY →
E −1 ⊗ KY and hence E = KY .
The remaining assertions are clear from the first exact sequence. 
We will show that regular K-trivial ribbons appear naturally on Enriques manifolds of index two
as flat limits of hyperka¨hler or Calabi-Yau manifolds. Our proofs are aided by the following main
theorem that connects deformation of finite morphisms to ropes on their images.
Suppose X and Y are smooth, irreducible projective varieties. Let i : Y ֒→ PN be an embedding.
Let I be the ideal sheaf of i(Y) inside PN . Let π : X → Y denote a finite morphism of degree d ≥ 2
with trace zero module given by E . E is a vector bundle on Y of rank d−1. Let ϕ = π◦ i. We know
that H0(Nϕ) parametrizes the first order deformations of ϕ. Let Ψ2 : H
0(Nϕ) → Hom
(
I
I 2
, E
)
be
as in Proposition 1.2, [13].
SMOOTHING OF MULTIPLE STRUCTURES ON EMBEDDED ENRIQUES MANIFOLDS 9
Theorem 2.15. Let T be a smooth irreducible algebraic curve and let 0 be a closed point of T .Let
Φ : X → PN
T
be a flat family of morphisms over T (i.e, Φ is a T− morphism such that X → T is
flat, proper and surjective) such that
(a) X is reduced and irreducible
(b) Xt is smooth, irreduble and projective for all t ∈ T
(c) X0 = X and Φ0 = ϕ.
Let ∆ be the first infinitesimal neighbourhood of 0 ∈ T. Let X˜ = X∆ := X ×T ∆ and ϕ˜ = Φ∆ : X˜ →
PN
∆
be the first order deformations of X and ϕ respectively induced by the morphism ∆ → T. Let ν
be the element in H0(Nϕ) corresponding to ϕ˜.
(1) If Ψ2(ν) ∈ Hom
(
I
I 2
, E
)
is a homomorphism of rank > d/2 − 1, then after shrinking T if
necessary Φt is one-to-one for all t ∈ T, t , 0.
(2) If Ψ2(ν) ∈ Hom
(
I
I 2
, E
)
is a surjective homomorphsim, then after shrinking T if necessary
Φt is a closed immersion for all t ∈ T, t , 0. In this case (Im(Φ))0 = (Im(ϕ˜))0 is an
embedded rope on Y with conormal bundle E .
Proof. For part ((1)) see [14], Proposition 1.4. For part (2), see [13], Proposition 1.4. The last
assertion of part (2) follows from equation 1.9 in Proposition 1.4, [14]. 
3. Ropes supported on Enriques manifolds
Recall that for a given morphism ϕ : X → PN from a variety X to projective space, H0(Nϕ)
parametrizes the first order infinitesimal deformation of ϕ and H1(Nϕ) is its obstruction space. In
[12], the authors proved that ϕ is unobstructed for a K3 surface X if ϕ is finite onto its image, by
showing h1(Nϕ) = 0. However, in our case h
1(Nϕ) , 0 in general but ϕ will still be obstructed as
the next two lemmas show.
Lemma 3.1. Let X be a hyperka¨hler variety and let X
ϕ−→ PN be a morphism which is finite onto its
image. Then ϕ is unobstructed and H1(Nϕ)  H
2(TX).
Proof. We start with the Atiyah extension of L = ϕ∗(OPN (1)) (see [33])
0→ OX → EL → TX → 0.(3.1)
Since H1(OX) = 0, the long exact sequence associated with this short exact sequence gives
0 → H1(EL) → H1(TX)→ H2(OX).(3.2)
Recall that the map H1(TX) → H2(OX) is induced by c1(L) ∈ H1(ΩX) and the natural pairing
H1(TX) ⊗ H1(ΩX) → H2(OX) is perfect (see [23], 1.8). Therefore the rightmost map in (3.2) is
surjective and consequently h1(EL) = h
1(TX) − 1.
Next, consider the following exact sequence
0 → TX → ϕ∗TPN → Nϕ → 0.(3.3)
The long exact sequence associated to this short exact sequence gives
H0(Nϕ)
ν−→ H1(TX) −→ H1(ϕ∗TPN ) −→ H1(Nϕ)
ψ−→ H2(TX).(3.4)
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Note that ν factors through H1(EL). Thus ν is not surjective since h
1(EL) < h
1(TX).
Using the pull back of the Euler sequence on PN , it can be seen easily that h1(ϕ∗TPN ) = 1 and
h2(ϕ∗TPN ) = 0. Consequently, ψ is bijective and the second assertion follows.
Recall that H1(Nϕ) is the obstruction space of Defϕ (deformation of ϕ with fixed target) and
H2(TX) is the obstruction space of DefX (deformation of X). The fact that ϕ is unobstructed follows
from the fact that X is unobstructed (see [35], [36]). 
In the situation of the theorem above, if we had an even dimensional Calabi-Yau manifold X in-
stead of the hyperka¨hler manifold, the long exact sequence of the restricted Euler sequence would
have showed hi(ϕ∗TPN ) = 0 for i = 1, 2. Consequently the long exact sequence (3.4) would again
show bijection between H1(Nϕ) and H
2(TX) and the same argument would yield the unobstructed-
ness of ϕ. We formulate the discussion in the following lemma.
Lemma 3.2. Let X be a Calabi-Yau manifold and let X
ϕ−→ PN be a morphism which is finite onto
its image. Then ϕ is unobstructed and H1(Nϕ)  H
2(TX). 
In [12] the authors proved that for an Enriques surfaces Y and a very ample line bundle L on Y ,
the line bundle L⊗KY is globally generated and the pull back of L to the universal K3 cover is very
ample using Reider’s theorem which does not carry over to higher dimension. However, we show
that the pull back of a very ample line bundle L on an Enriques manifold remains very ample on its
universal cover provided L ⊗ K⊗i
Y
is globally generated for all 1 ≤ i ≤ d − 1.
Lemma 3.3. Let Y be an Enriques manifold of index d and let π : X → Y be its universal cover.
Suppose L is a very ample line bundle on Y for which L ⊗ K⊗i
Y
is globally generated for all 1 ≤ i ≤
d − 1. Then π∗L is very ample.
Proof. Since L is very ample, certainly π∗L separates two points that belong to different fibers.
Moreover, π∗L separates tangent vectors since e´tale morphism induces isomorphism of tangent
spaces. Therefore, π∗L is very ample ⇐⇒ π∗L separates two points that belong to the same fiber.
Let ζ be the length d subscheme supported on pi ∈ X for 1 ≤ i ≤ d that maps to a point q ∈ Y .
We have the following short exact sequence on Y
0→ Iq → OY → Oq → 0.(3.5)
Pulling it back on X and tensoring by π∗L we get
0 → π∗
(
L ⊗Iq
)
→ π∗L → π∗L ⊗Oζ → 0.(3.6)
Note that h1(L⊗K⊗i
Y
⊗Iq) = 0 for all i by our assumption. Consequently, h1(π∗(L⊗Iq)) = 0 which
can be seen by pushing forward π∗(L ⊗ Iq) (projection formula applies since π is finite, see [1],
Lemma 5.7). Thus, H0(π∗L) separates points of a fiber. 
The following proposition enables us to show the existence of non-zero homomorphisms for any
d and surjective homomorphisms for d = 2 in Hom
(
I
I 2
, E
)
= H0(NY/PN ⊗ E ) for an embedding of
an Enriques manifold of index d in a large enough projective space.
Before stating the next proposition let us introduce the invariant which we call the sectional
genus g and which by definition is the dimension of the vector space of global sections of the
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canonical bundle of a smooth hyperplane section of the embedding. Since H1(KY ) = 0, one can see
that g = h0(KY (1)). Also since KY is numerically trivial and H
j(K⊗i
Y
(1)) = 0 for 1 ≤ i ≤ d − 1 and
j > 0, we have that g = h0(K⊗i
Y
(1)) for 1 ≤ i ≤ d − 1.
Proposition 3.4. Let Y be an Enriques manifold of and index d and dimension 2n. Let X be the
hyperka¨hler universal cover of Y. Let i : Y ֒→ PN be an embedding of Y. Then,
(1) The dimension of the vector space H0(NY/PN ⊗ E ) that parametrizes pairs (Y˜ , i˜) where Y˜ is
a rope on Y of multiplicity d with conormal bundle E and i˜ is a morphism extending i is
given by
(d − 1)g(N + 1) + h1(TX) − h1(TY ) − 1
where g is the sectional genus of the embedding.
(2) Suppose d = 2, N ≥ 4n + 1 and OY(1) ⊗ KY is globally generated. Then the multiplicity
2 rope structures (ribbons) with conormal bundle E embedded in PN and supported on
i(Y) are parametrized by a non-empty open set in the projective space of lines in the space
H0(NY/PN ⊗ E ).
Proof (i). Let us first compute h0(NY/PN ⊗ E ) =
∑d−1
i=1 h
0(NY/PN ⊗ K⊗iY ). We start with the following
short exact sequence
0→ TY → TPN |Y → NY/PN → 0.(3.7)
Let i be an integer in between 1 and d − 1. Note that h0(TY ⊗ K⊗iY ) = 0. We tensor the above exact
sequence by K⊗i
Y
and take the long exact sequence of cohomology to get the following.
0 → H0(TPN |Y ⊗ K⊗iY ) → H0(NY/PN ⊗ K⊗iY )→ H1(TY ⊗ KiY )
α−→ H1(TPN |Y ⊗ K⊗iY )
→ H1(NY/PN ⊗ K⊗iY ) → H2(TY ⊗ K⊗iY ) → H2(TPN |Y ⊗ K⊗iY ) → ...
(3.8)
Restrict of the Euler sequence of PN on Y and tensor it by K⊗i
Y
to obtain the following exact sequence
0→ K⊗iY → K⊗iY (1)⊕N+1 → TPN |Y ⊗ K⊗iY → 0.(3.9)
Using the cohomology sequence associated to the short exact sequence above one can check that
h0(TPN |Y ⊗ K⊗iY ) = g(N + 1), h1(TPN |Y ⊗ K⊗iY ) ≤ 1, h2(TPN |Y ⊗ K⊗iY ) = 0.(3.10)
Also, since h2(OX) = 1 we have that there exists exactly one i such that h
1(TPN |Y ⊗ K⊗iY ) = 1.
Let π : X → Y be the universal cover and ϕ = i◦π. Since π is e´tale, Nϕ  π∗NY/PN . Consequently
we have the following,
h1(Nϕ) =
d−1∑
i=0
h1(NY/PN ⊗ K⊗iY ).(3.11)
By Lemma 3.1 we also have that h1(Nϕ) = h
2(TX) and consequently we get,
h1(Nϕ) = h
2(TX) =
d−1∑
i=0
h2(TY ⊗ K⊗iY ).(3.12)
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Comparing the above two equations one can see at once that
d−1∑
i=1
h1(NY/PN ⊗ K⊗iY ) −
d−1∑
i=1
h2(TY ⊗ K⊗iY ) = h2(TY ) − h1(NY/PN ) = 0(3.13)
where the last equality is obtained by the restriction of the Euler sequence of PN to Y . Also notice
that since TX = π
∗(TY ) we have that h1(TX) = h1(TY ) +
d−1∑
i=1
h1(TY ⊗ K⊗iY ).
Using the long exact sequence (3.8) we conclude that
d−1∑
i=1
h0(NY/PN ⊗ K⊗iY ) = (d − 1)g(N + 1) +
d−1∑
i=1
h1(TY ⊗ K⊗iY ) −
d−1∑
i=1
h2(TY ⊗ K⊗iY )
+
d−1∑
i=1
h1(NY/PN ⊗ K⊗iY ) −
d−1∑
i=1
h1(TPN |Y ⊗ K⊗iY ) − 1
= (d − 1)g(N + 1) + h1(TX) − h1(TY ) − 1.
Proof (ii). Recall that embedded multiple structures with conormal bundle E are in one-to-one
correspondence with surjective homomorphisms in Hom
(
I
I 2
, E
)
upto non-zero scalar multiple.
Since d = 2, E is a line bundle and hence surjective homomorphisms in Hom
(
I
I 2
, E
)
are in one-
to-one correspondence with the nowhere vanishing global sections of the rank (N − dim(Y)) vector
bundle H0(NY/PN ⊗ E ) upto non-zero scalar multiple. Recall also that the elements that correspond
to surjective homomorphisms in Hom
(
I
I 2
, E
)
form an open set (see [18], Lemma 4.1). Hence we
are left to prove the existence of a nowhere vanishing section of NY/PN ⊗ E .
Note that we have a surjection TPN |Y ⊗E −→ NY/PN ⊗E and by the Euler sequence on PN twisted
by E we conclude that NY/PN ⊗E globally generated if OY(1)⊗E is globally generated. Now since
N ≥ 4n + 1 = 2dim(Y) + 1, NY/PN ⊗ E is a vector bundle of rank N − dim(Y) > dim(Y) which
guarantees the existence of such a section. 
We can perform the analogous computations for an Enriques manifold whose universal cover is
a Calabi-Yau manifold. Note that in this case d is always equal to 2 and h1(TX)−h1(TY ) = h1,2n−1(Y)
where dim(Y) = 2n. The result we obtained is given below whose proof we omit.
Proposition 3.5. Let Y be an Enriques manifold of dimension 2n whose universal cover is a Calabi-
Yau manifold. Let i : Y ֒→ PN be an be an embedding of Y.
(1) The dimension of the vector space H0(NY/PN ⊗ E ) that parametrizes pairs (Y˜ , i˜) where Y˜ is
a rope on Y of multiplicity 2 with conormal bundle E and i˜ is a morphism extending i is
given by
g(N + 1) + h1,2n−1(Y)
where g is the sectional genus of the embedding.
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(2) Assume that N ≥ 4n + 1 and that OY(1) ⊗ KY is globally generated. Then the double struc-
tures with conormal bundle KY embedded in P
N and supported on i(Y) are parametrized by
a non-empty open set in the projective space of lines in H0(NY/PN ⊗ KY ). 
Now we discuss the condition of global generation of OY(1) ⊗ KY . In particular we discuss how
we can get a very ample line bundle L such that L ⊗ KY is base point free.
Remark 3.6. Let Y be an Enriques manifold of dimension 2n, index 2 and L be an ample line
bundle on Y.
(1) Notice that if we start with an ample line bundle L, there exists M depending on L such that
L⊗m is very ample and L⊗m ⊗ KY is base point free for m ≥ M.
(2) If we start with an ample and base point line bundle L, we have by induction and by known
results for curves that L⊗m ⊗ KY is base point free for m ≥ 2n + 1. Also since KY is torsion
(and hence numerically trivial) by Castelnuovo-Mumford regularity we have that L⊗m is
very ample if m ≥ 2n + 1.
4. Smoothing and its consequence
This section is devoted to prove the existence of an embedded smoothing of projective ropes of
multiplicity d with conormal bundle E =
d−1⊕
i=1
K⊗i
Y
embedded inside a projective space and supported
on an Enriques manifold Y of index d provided they exist. Notice that if an embedding i : Y ֒→ PN
of the Enriques manifold of index d = 2 satisfies N ≥ 2dim(Y)+1 and OY(1)⊗KY is globally gener-
ated, then such a rope exists because of the existence of a surjective homomorphism in Hom
(
I
I 2
, E
)
which is in turn equivalent to the existence of a nowhere vanishing section in H0(NY/PN ⊗ E ) that
has been proven in Proposition 3.4. As a consequence of smoothing, we will prove the smoothness
of the point corresponding to the rope in its Hilbert scheme. We have included a proof of the fact
that the condition N ≥ 2dim(Y) + 1 is satisfied when the index is two and the universal cover is a
hyperka¨hler six-fold for all of the known deformation type in the Appendix.
First, we will prove the existence of smoothing when the universal cover X is hyperka¨hler. Our
results on smoothing are obtained by using the deformation theoretic results in Theorem 2.15.
Theorem 4.1. Suppose Y be an Enriques manifold of index d and dimension 2n and π : X → Y
be the hyperka¨hler universal cover of Y. Let i : Y ֒→ PN be an embedding of Y into a projective
space. Let ϕ = i ◦ π.
(i) Suppose d = 2 or d = 3. There exists a smooth irreducible family X proper and flat over
a smooth pointed affine algebraic curve (T, 0) and a T-morphism Φ : X → PN
T
with the
following properties:
(1) the fibres Φt : Xt → PN is a finite birational morphism for t ∈ T − {0},
(2) the central fibre Φ0 : X0 → PN is the morphism ϕ : X → PN .
(ii) Let ϕ be i ◦ π and Y˜ ֒→ PN be an embedded multiplicity d rope with conormal bundle
E =
⊕d−1
i=1
K⊗i
Y
. Then there exists a smooth irreducible family X proper and flat over a
smooth pointed affine algebraic curve (T, 0) and a T-morphism Φ : X → PN
T
with the
following properties:
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(1) the fibres Φt : Xt → PN is a closed immersion of smooth hyperka¨hler varieties for
t ∈ T − {0},
(2) the central fibre Φ0 : X0 → PN is the morphism ϕ : X → PN ,
(3) Im(Φ) is a flat family of schemes over T embedded inside PN
T
such that for t , 0, Im(Φ)t
is a smooth hyperka¨hler variety and the central fibre Im(Φ)0 is Y˜.
Proof. The following steps are needed for the proof. Note that in Proposition 3.4 we have proved
that for any embedding of Y in PN there exists homomorphisms of rank 1 and in Case (ii) the given
Y˜ ֒→ PN corresponds to a surjective homomorphisms in Hom
(
I
I 2
, E
)
(see Theorem 2.12 (3)).
Step 1. In this step we show the existence of first order deformations ϕ˜ : X˜ → PN
∆
of ϕ : X → PN
such that their class ϕ˜ ∈ H0(Nϕ) maps to a rank 1 homomorphism in Case (i) or to the class of
Y˜ ֒→ PN in Hom
(
I
I 2
, E
)
in Case (ii).
Proof of Step 1. Consider the following short exact sequence
0 → Nπ → Nϕ → H om
(
π∗
I
I 2
,OX
)
→ 0.(4.1)
The long exact sequence of cohomology associated to the sequence above is the following
0→ H0(Nπ) → H0(Nϕ) → Hom
(
I
I 2
,OY
)⊕
Hom
(
I
I 2
, E
)
→ H1(Nπ).(4.2)
Now, Nπ is supported on the ramification locus and π is an e´tale morphism, consequently we have
that H1(Nπ) = 0. That proves the assertion.
Step 2. In this step we show that given a first order deformation ϕ˜ : X˜ −→ PN
∆
of ϕ : X −→ PN , there
exists a smooth irreducible family X proper and flat over a smooth pointed affine algebraic curve
(T, 0) and a T -morphism Φ : X → PN
T
such that all squares in the following diagram are Cartesian
X X˜ X
PN PN
∆
PN
T
0 ∆ T
ϕ ϕ˜
where ∆ is the ring of dual numbers Spec(k[ǫ]) whose unique closed point maps to 0 ∈ T . (It is
clear from the diagram that such a Φ already satisfies condition (2) of part (ii) the theorem).
Proof of Step 2. Let L = ϕ∗(OPN (1)) and L˜ = ϕ˜∗(OPN
∆
(1)). Note that ϕ and ϕ˜ is induced by a
sublinear series of L and L˜ respectively. The the pair (X˜, L˜) is a first order deformation of the pair
(X, L) and hence corresponds to an element ν of H1(EL). Now the Kuranishi space of deformations,
De f (X, L) of (X, L) is smooth (see for example [24], Section 2.3) and T0De f (X, L)  H
1(EL). Hence
we can choose a smooth affine algebraic curve T from De f (X, L) passing through the point (X, L)
with tangent vector ν. Pulling back the family of deformations of (X, L) on De f (X, L) to T , we get
a pair (X ,L ) consisting of a smooth irreducible family of hyperka¨hler manifolds X proper and
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flat over T and an invertible sheaf of L of X → T which induces a morphism ΦM : X −→ PMT
such that the following squares are Cartesian,
X X˜ X
PM PM
∆
PMT
0 ∆ T
Φ Φ˜ ΦM
and Φ and Φ˜ are induced the the complete linear series of L and L˜ respectively. Now we know that
the morphism ϕ˜ is a composition of Φ˜ with a linear projection ρ˜∆ : P
M
∆
d PN
∆
(since ϕ˜ is given by a
sublinear series of L˜). Since we have a surjection from H0(OPM
T
(1)) to H0(OPM
∆
(1)), we can lift the
projection ρ˜∆ to a projection ρ˜T : P
M
T
d PN
T
. Hence we have the required Cartesian diagram.
X X˜ X
PN PN
∆
PN
T
0 ∆ T
Step 3. In this step we combine the results in the previous steps to prove the theorem.
Proof of Step 3. Using the previous steps we can construct a smooth irreducible family X proper
and flat over a smooth pointed irreducible algebraic curve (T, 0) and a T - morphism X
Φ−→ PN
T
such
that the fibres Xt are smooth irreducible projective hyperka¨hler varieties for all t , 0, X0 = X
and Φ0 = ϕ and the first order deformation ϕ˜ of ϕ obtained by pulling back the family to the first
infinitesimal neighbourhood ∆ of 0 in T maps to the class of a homomorphism in Hom
(
I
I 2
, E
)
of
rank ≥ 1 in Case (i) and to the class of Y˜ in Case (ii) in Hom
(
I
I 2
, E
)
.
Hence by Theorem 2.15 (1), we have claims (1) and (2) of Case (i) and by Theorem 2.15 (2) we
have that Φt is a closed immersion for all t , 0 which proves claims (1) and (2) of Case (ii).
Now suppose Y = Im(Φ). Since X is integral, we have that Y is integral. This combined with
the fact that T is smooth implies that Y is flat over T . Thus, to prove claim (3) it is enough to prove
that Y0 = (Im(ϕ˜))0 which also follows from Theorem 2.15 (2) . 
Now we prove the same when the universal cover is a Calabi-Yau manifold. The proof in this
case will be simpler since now the formally semi-universal deformation space of ϕ is algebraic.
Theorem 4.2. Suppose Y be an Enriques manifold of dimension 2n and π : X → Y be a universal
cover of Y which is a Calabi-Yau manifold. Let i : Y ֒→ PN be an embedding of Y into the projective
space. Let ϕ be i ◦ π.
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(i) There exists a smooth irreducible family X proper and flat over a smooth pointed affine
algebraic curve (T, 0) and a T-morphism Φ : X → PN
T
with the following properties:
(1) the fibres Φt : Xt → PN , t ∈ T − {0} is a finite birational morphism,
(2) the central fibre Φ0 : X0 → PN is the morphism ϕ : X → PN .
(ii) Let Y˜ be an embedded K-trivial ribbon inside PN supported on Y with conormal bundle
KY . Then there exists a smooth irreducible family X proper and flat over a smooth pointed
affine algebraic curve (T, 0) and a T-morphismΦ : X → PN
T
with the following properties:
(1) the fibres Φt : Xt → PN , t ∈ T − {0} is a closed immersion of smooth Calabi-Yau
manifolds,
(2) the central fibre Φ0 : X0 → PN is the morphism ϕ : X → PN .
(3) Im(Φ) is a flat family of schemes over T embedded inside PN
T
such that for t , 0, Im(Φ)t
is a smooth Calabi-Yau manifold and the central fibre Im(Φ)0 is Y˜.
Proof. Using same arguments as in the first step of Theorem 4.1 we conclude the existence of first
order deformations ϕ˜ : X˜ → PN
∆
of ϕ : X → PN such that their class ϕ˜ ∈ H0(Nϕ) maps to the
class of a homomorphism in Hom
(
I
I 2
, E
)
of rank ≥ 1 in Case (i) and to the class of Y˜ ֒→ PN in
Hom
(
I
I 2
,KY
)
in Case (ii).
Now sinceH2(OX) = 0 we conclude that X has an algebraic formally semi-universal deformation
space. Again since ϕ is non-degenerate we conclude that ϕ has an algebraic formally semi-universal
deformation as well (see [13], Remark 1.7). Now by Lemma 3.2, ϕ is unobstructed. So we can
choose a smooth algebraic curve T from the smooth semiuniversal deformation space of ϕ with
tangent vector ϕ˜. Pulling back the semiuniversal family along T we get a deformation X → PN
T
of
ϕ. Hence by Theorem 2.15 (1), we have claims (1) and (2) of Case (i) and by Theorem 2.15 (2) we
have that claims (1), (2) and (3) of Case (ii). 
Now we prove a consequence of smoothing, namely the smoothness of embedded (regular)
K-trivial ribbons on an Enriques manifold with conormal bundle E = KY in its Hilbert scheme.
Proposition 4.3. Let Y˜ ֒→ PN be a projective K-trivial ribbon on an Enriques manifold Y of
dimension 2n and index d = 2 extending an embedding Y ֒→ PN . Then the Hilbert point of Y˜ inside
PN is nonsingular.
Proof. Here we give the proof when the universal cover X is a hyperka¨hler manifold. The proof of
the case when X is Calabi-Yau is similar. Suppose the sectional genus of Y ֒→ PN is g. Since Y˜ ad-
mits an embedded smoothing, first we compute the dimension of the component that parametrizes
smooth hyperka¨hler manifolds inside PN . So our situation is as follows: we have a hyperka¨hler
manifold X′ ֒→ PN such that h0(OX′(1)) = 2g. We will calculate h0(NX′/PN ). It is easy to check that
we have the following
h0(NX′/PN ) = 2g(N + 1) + h
1,1
X′ − 2.(4.3)
Indeed, to get (4.3) one has to use the following exact sequence
0→ TX′ → TPN |X′ → NX′/PN → 0(4.4)
and the restriction of the Euler sequence of PN on X′ keeping in mind that the connecting homo-
morphism H1(NX′/PN ) → H2(TX′) is an isomorphism (see Lemma 3.1).
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Therefore the Hilbert point of Y˜ will be nonsingular if and only if h0(NY˜/PN ) = 2g(N+1)+h
1,1
X
−2.
Next, we use the following exact sequences (see [12], Lemma 4.2) to calculate h0(NY˜/PN )
0→ NY˜/PN |Y ⊗ KY → NY˜/PN → NY˜/PN |Y → 0(4.5)
0→ KY → NY/PN → H omY(IY˜/PN/I 2Y/PN ,OY)→ 0(4.6)
0→ H omY(IY˜/PN/I 2Y/PN ,OY) → NY˜/PN |Y → OY → 0(4.7)
The exact sequence (4.5) gives us the following inequality
h0(NY˜/PN ) ≤ h0(NY˜/PN |Y ⊗ KY ) + h0(NY˜/PN |Y).(4.8)
We use (4.6) and (4.7) to see that
h0(NY˜/PN |Y ⊗ KY ) = h0(NY/PN ⊗ KY ) − 1 = g(N + 1) + h1(TY ⊗ KY ) − 2(4.9)
h0(NY˜/PN |Y) = g(N + 1) + h1(TY ) − 1 or g(N + 1) + h1(TY ).(4.10)
Using (4.8), (4.9) and (4.10) we deduce the following inequality
h0(NY˜/PN ) ≤ 2g(N + 1) + h1(TX) − 2.(4.11)
Our assertion follows since h0(NY˜/PN ) is at least the dimension of the component. 
5. Appendix
Here we discuss the condition that an embedding Y ֒→ PN of the Enriques manifold satisfies
N ≥ 2dim(Y) + 1. It is known that any variety Y can be embedded inside P2dim(Y)+1 (see [34]). We
show that N ≥ 2dim(Y) + 1 is always the case if Y is an Enriques manifold of index two and X is
one of the known classes of hyperka¨hler manifolds of dimension six .
Proposition 5.1. Let Y be a Enriques manifold of dimension six and index two whose universal
double cover X is either K3[3] or K3(A). Let Y ֒→ PN be an embedding. Then N ≥ 13.
Proof. It is enough to show that Y can not be embedded inside P12. For the sake of contradiction,
assume Y ֒→ P12 is a degree d embedding. π : X → Y is the universal cover. Let N be the normal
bundle of the embedding Y ֒→ P12 and K be the canonical bundle of Y .
From the Euler sequence on P12 we get that
ct(TP12) = (1 + ht)
13(5.1)
where h ∈ A1(P12) is the class of a hyperplane.
Suppose N is the normal bundle for the embedding. From the following exact sequence
0→ TY → TP12 |Y → N → 0(5.2)
we see that ct(TY ) · ct(N ) = ct(TP12 |Y). That gives us1 − Kt + i=6∑
i=2
ci(Y)t
i

1 + i=6∑
i=1
ci(N )t
i
 = i=6∑
i=0
(
13
i
)
Hit6−i(5.3)
where H ∈ A1(Y) is the class of a hyperplane section.
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Expanding the equality above we get the following equations
c1(N ) = 13H + K(5.4)
c2(N ) =
(
13
2
)
H2 + Kc1(N ) − c2(Y)(5.5)
c3(N ) =
(
13
3
)
H3 + Kc2(N ) − c2(Y)c1(N ) − c3(Y)(5.6)
c4(N ) =
(
13
4
)
H4 + Kc3(N ) − c2(Y)c2(N ) − c3(Y)c1(N ) − c4(Y)(5.7)
c5(N ) =
(
13
5
)
H5 + Kc4(N ) − c2(Y)c3(N ) − c3(Y)c2(N ) − c4(Y)c1(N ) − c5(Y)(5.8)
(
13
6
)
H6 = c6(N ) − Kc5(N ) + c2(Y)c4(N ) + c3(Y)c3(N )
+c4(Y)c2(N ) + c5(Y)c1(N ) + c6(Y)
(5.9)
Next we put the values of ci(N ) for i = 1, . . . , 5 in (6.9) and pull them back to X to get the following
(recall that the odd Chern classes of X are trivial and c6(N ) = Y.Y = d
2)(
13
6
)
(π∗H)6
2
=
(
(π∗H)6
2
)2
+
(
13
4
)
(π∗H)4
2
c2(X) +
(
13
2
)
(π∗H)2
2
c4(X) −
(
13
2
)
(π∗H)2
2
(c2(X))
2
+
1
2
(
(c2(X))
3 − 2c2(X)c4(X) + c6(X)
)
.
(5.10)
Let q(−,−) and c be the Beauville-Bogomolov-Fujiki form and Fujiki constant respectively on X.
We know the value of the constants ai (see (2.1)) if X is of type K3
[3] or K3(A).
Suppose X is of the form K3[3]. The following Riemann-Roch formula has been proven by
Elingsrad, Go¨ttsche and Lehn (see [9]) when X is of K3[3] type. Fujiki constant takes the value 15.
χ(L) =
(
1
2
q(L) + 4
3
)
.(5.11)
Comparing degree two terms of the above expression and the usual Riemann-Roch we find that
c2(X)L
4 = 108q(L).(5.12)
Note that this gives us the value of the constant C(c2) as well (see Theorem 2.4 for the definition).
C(c2) = 108(5.13)
Comparing degree one terms of (6.11) and the usual Riemann-Roch expression we get
3(c2(X))
2L2 − c4(X)L2 = 3120q(L).(5.14)
Recall that we have the following equality on hyperka¨hler manifolds of dimension 2n for a line
bundle L (see [26] and [7], proof of Theorem 3.2)∫
X
√
td(X)L2n−4 = (2n − 4)!
(
n
n − 2
)
λ(L)n−2
∫
X
√
td(X)(5.15)
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where λ(L) is the characteristic value given by the following expression
λ(L) =
12c
(2n − 1)C(c2(X))
q(L).(5.16)
Comparing degree one terms of the left hand side and right hand side of (6.15) and using (6.13)
and the fact that
∫
X
√
td(X) =
9
16
(see [32], Proposition 19) we get the following equality
7(c2(X))
2L2 − 4c4(X)L2 = 6480q(L).(5.17)
We solve (6.14) and (6.17) to get that (c2(X))
2L2 = 1200q(L) and c4(X)L
2 = 480q(L).
Suppose X is of the form K3(A). The Riemann-Roch formula for this case is given below, it was
calculated by Britze-Nieper (see [6]). The value of the Fujiki constant in this case is 60.
χ(L) = 4
(
1
2
q(L) + 3
3
)
.(5.18)
We carry out the same computations (
∫
X
√
td(X) =
2
3
by [32], Proposition 21) to get that
(c2(X))
2L2 = 1920q(L) and c4(X)L
2 = 480q(L).(5.19)
Now, c2(X)
3 − 2c2(X)c4(X)+ c6(X) can be calculated form the Hodge diamond (see [32], Appendix
B). The Hodge diamonds of K3[3] and K3(A) are given below.
Hodge diamond of K3[3]
1
0 0
1 21 1
0 0 0 0
1 22 253 22 1
0 0 0 0 0 0
1 21 253 2004 253 21 1
0 0 0 0 0 0
1 22 253 22 1
0 0 0 0
1 21 1
0 0
1
Hodge diamond of K3(A)
1
0 0
1 5 1
0 4 4 0
1 6 37 6 1
0 4 24 24 4 0
1 5 37 372 37 5 1
0 4 24 24 4 0
1 6 37 6 1
0 4 4 0
1 5 1
0 0
1
Let χp(X) =
∑
(−1)qhp,q(X). Then [32], Appendix B gives the following equations.
c2(X)
3 = 7272χ0(X) − 184χ1(X) − 8χ2(X),(5.20)
c2(X)c4(X) = 1368χ
0(X) − 208χ1(X) − 8χ2(X),(5.21)
c6(X) = 36χ
0(X) − 16χ1(X) + 4χ2(X).(5.22)
We set L = π∗H and x = q(π∗H). We put the values of (c2(X))2, c4(X)L2 and c2(X)3−2c2(X)c4(X)+
c6(X) calculated above in (6.9) to get an equation in x.
If X is of the form K3[3] the equation we obtain is the following
51480x3 = 225x6 + 154440x2 − 112320x + 21120.(5.23)
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When X is of the form K3(A) the equation we obtain is given below
51480x3 = 900x6 + 102960x2 − 56160x + 8664.(5.24)
That concludes the proof since neither (6.23) nor (6.24) has positive even integer solution. 
Now we proceed to prove the same when the universal cover X is O’Grady’s six dimensional
hyperka¨hler manifold M6. In order to do that we follow the same procedure but first we need∫
M6
√
td(M6) which we calculate below.
Lemma 5.2.
∫
M6
√
td(M6) =
2
3
.
Proof. We know the Hodge diamond of M6 by Mongardi-Rapagnetta-Sacca`s computation (see
[25]).
Hodge diamond of M6
1
0 0
1 6 1
0 0 0 0
1 12 173 12 1
0 0 0 0 0 0
1 6 173 1144 173 6 1
0 0 0 0 0 0
1 12 173 12 1
0 0 0 0
1 6 1
0 0
1
As before χp(X) =
∑
(−1)qhp,q(X). Then we have χ0 = 4, χ1 = −24, χ2 = 348.
It has been proven by Sawon (see [32]) that
∫
M6
√
td(M6) = −
1
483.3!
(
s3
2
+
12
5
s2s4 +
64
35
s6
)
where
s32 = −58176χ0 + 1472χ1 + 64χ2, s2s4 = −18144χ0 − 928χ1 − 32χ2,
s6 = −6552χ0 − 784χ1 − 56χ2.
A direct computation yields the result. 
Once we know the value of
∫
M6
√
td(M6) we can carry out the procedure explained in the proof
of Proposition 3.7.
Proposition 5.3. Let Y be an Enriques manifold and Y ֒→ PN be a closed embedding. Assume that
the universal cover X of Y is O’Grady’s six dimensional hyperka¨hler manifold M6. Then N ≥ 13.
Proof. Recall that on M6 the Riemann-Roch expression is the following (see [7])
χ(L) = 4
(
λ(L) + 3
3
)
(5.25)
where λ(L) is the characteristic value given by (6.16).
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Comparing degree one terms of this expression and the usual Riemann-Roch expression, we get
1
12
c2(M6) ·
1
24
L4 = 4(λ(L))2(5.26)
Using c2(M6)L
4 = C(c2(M6))q(L) and the value of the Fujiki constant (which is 60), we get that
C(c2(M6)) = 288. We use them to get the following two equations; the first one is obtained by
comparing degree two terms of (6.25) and the usual Riemann-Roch expression, the second one is a
consequence of (6.15).
3(c2(M6))
2L2 − c4(M6)L2 = 5280q(L)(5.27)
7(c2(M6))
2L2 − 4c4(M6)L2 = 11520q(L)(5.28)
We solve the above two equations to get (c2(M6))
2L2 = 1920q(L) and c4(M6)L
2 = 480q(L). More-
over the values of (c2(M6))
3, c2(M6)c4(M6) and c6(M6) have been calculated in [25], Corollary
6.8. We put these values in (6.10) by setting L = π∗(H) where H is the class of a hyperplane section
of Y and π the map from the universal cover. As before, setting x = q(π∗(H)), we obtain
51480x3 = 900x6 + 102960x2 − 56160x + 8640(5.29)
which has no positive integer solution. That concludes the proof. 
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